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Traditional approaches to energy-momentum localization led to reference frame depen- 
dent pseudotensors. The more modern idea is quasilocal energy-momentum. We take a 
Hamiltonian approach. The Hamiltonian boundary term gives not only the quasilocal 
values but also boundary conditions via the Hamiltonian variation boundary princi- 
ple. Selecting a Hamiltonian boundary term involves several choices. We found that 
supcrpotentials can serve as Hamiltonian boundary terms, consequently pseudotensors 
are actually quasilocal and legitimate. Various Hamiltonian boundary term quasilo- 
cal expressions are considered including some famous pseudotensors, M0ller's tetrad- 
teleparallel "tensor", Chen's covariant expressions, the expressions of Katz & coworkers, 
the expression of Brown & York, and some spinor expressions. We emphasize the need 
for identifying criteria for a good choice. 

1 Introduction 

1.1 Energy-momentum 

Energy-momentum is a fundamental conserved quantity associated with a symme- 
try of space-time geometry. Nocthcr's theorem and translation invariance leads 
to the canonical energy-momentum (EM) density tensor, T^ v , which is conserved: 
V ' V T^ V — 0. But this tensor is not unique: one can add an arbitrary "curl", and 
it is still conserved, e.g., one can shift the "zero" of energy. Gravity, however, re- 
sponds to any real EM, so it removes the ambiguity in T^ v . Thus gravity absolutely 
identifies EM. 

The source of gravity is T^ v , the EM density for matter and all other interaction 
fields. But sources exchange EM with the gravitational field locally. This leads to 
the expectation that gravity should have its own local energy-momentum density 
(GEM). 

1.2 Pseudotensors discredited 

Attempts to identify a local "total EM density" for gravitating systems, via stan- 
dard techniques, gave only various non-covariant, reference-frame dependent pseu- 
dotensors, e.g., those of Einsteinjil Landau-Lifshitz,H M0llerp and Weinberg,!! Such 
objects cannot give a well defined GEM localization. This is in accord with the equiv- 
alence principle (see, e.g.,H p 457) which implies that the gravitational field cannot 
be detected at a point. Thus the pseudotensor approach has been discredited. 
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2 Quasi-local energy-momentum 



A new idea, quasi-local energy-momentum (QEM) (quasilocal = associated with a 
closed 2-surface) is now regarded as the proper fundamental notion of energy. 

Therediave been .many quasilocal proposals and approaches inrlnHing null rajz. 
geometry, u twistprs, background, la-BEjO symplecticixeduction, spinorsJj 
Hamilton- Jacobi.ES "2+2" Jill and covariant-symplecticlia Many criteria (see, e.g., EH), 
such as good limits (in particular the ADM (spatial oo), Bondi (null oo), weak field 
and flat spacetime), have have been proposed. Positivity has also been advocated 
by many authors, but i±_not possible for a closed universe, and consequently, cannot 
be required-iii general.u In any case, it has been noted that an infinite number of 
expressionscil satisfy all of these requirements! Clearly there is a need for additional 
principles and criteria. 



3 The Hamiltonian Approach 

Energy can be defined as the value of the Hamiltonian. The Hamiltonian for a 
gravitating system (for a finite region & any geometric gravity theory) is the Nocthcr 
generator of translations along a displacement vector field, N^: 

H(N) = f N^H,, + i B(N), (1) 

it includes a volume (i.e., spatial hypersurface) and a (2-dimensional) boundary 
term. 

From Noether's theorems it follows that oc field equations, consequently 
E := H(N) depends only on the boundary term B, which thus gives the quasilocal 
energy-momentum. However the boundary term B can be modified. (This special 
case of the usual Noether current non-uniqueness is essentially just the aforemen- 
tioned ambiguity in the canonical energy-momentum density.) Indeed B must be 
adjusted to get the correct asymptotic GR valuesH 

3. 1 The Hamiltonian variation boundary term principle 

Fortunately, B is not arbitrary. Its form is controlled by another principle of the 
formalism, the Hamiltonian boundary variation principle: one should choose the 
Hamiltonian boundary term B so that the boundary term in SH vanishes, when 
the desired fields are fixed on S. There is thus a nice division: the Hamiltonian 
density 7i M determines the evolution and constraint equations, the boundary term 
B determines the boundary conditions and the QEM. 

For Einstein's GR theory, (succinctly in terms of differential forms) with the 
connection one-form lo° 1 , the curvature 2-form f2 Q 7 := duj a 1 + oj a M A w M 7 , and 
ij™ 7 '" := *(i9 Q A i? 7 • • •), where d a is the coframe one-form, we space-time split the 
Hilbert Lagrangian: 

C = dt A i N C = dt A ^(0% A r/ Q 7 ) = dt A [£ N uo a 1 A r/ Q 7 - H{N)], (2) 
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to identify the Covariant Hamiltonian as 

H(N) = -N^n a 7 A - i N u% Dr)o? + d{i N u a 1 f] a ^) . (3) 

The total derivative term here integrates, via the generalized Stokes theorem, to a 
boundary term — which needs adjustment. 

3.2 Covariant Boundary Terms 

Although there are an infinite, .number of possible boundary teems, for each dynam- 
ical field CM. Chen found,ta£3 using sympletic techniques ,E-3 that there are only 
two covariant choices for B, depending upon what is held fixed on the boundary: 

Bti = Aw a 7 A iNVa 1 + iArw Q 7 A?y Q 7 , (4) 
B^ = Aw Q 7 A i N Va 7 + ijvw Q 7 Ary Q 7 , (5) 

where for any quantity Aa :— a — a, with a determining a fixed reference config- 
uration. For these choices of Hamiltonian boundary term, the boundary term in 
5H is a projection of a 4-covariant expression along the displacement vector field, 
respectively, 

di N {-Aio a 1 A5r] a ~t), di N (8u a 1 A Ar/ Q 7 ), (6) 

representing a Dirichlet or Neumann type "control mode" . 

In passing, we call attention to the important gauge term ijyW- It plays a role 
in generating the correct dynamic evolution of the frame along with the proper 
variational boundary condition. However it also adds an unphysical, noncovariant 
"rotation of the reference frame" contribution to the quasilocal energy-momentum. 
This contribution can be isolated by inserting the identity 

(zAriA)iF = DN a - £ N § a . (7) 

It can then be removed simply by dropping the terms proportional to £^i}. 

Oujl ^covariant" quasilocal expressions yield the correct total ADM and Bondi 
values E§E3 Also, they have widely accepted limiting forms; in fact for many practical 
cases our quasilocal energy (likewise momentum) essentially reduces to the well 
known quasilocal expression of Brown & YorkJl3 

E=I(K-K ), (8) 

although in general there are some important differences: in particular (i) our ex- 
pressions are 4-covariant, (ii) they allow for general reference configurations, (iii) 
and more general displacements, (iv) they include a M0ller-Komar like term, and 
(v) our boundary need not be orthogonal to S. 

3.3 Applications 

As an example consider a static spherically symmetric star. In the exterior, where 
the geometry has the Schwarzschild form, for the quasilocal energy within a sphere 
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(using Dirichlet boundary conditions, a Minkowski reference configuration and the 
Minkowski timclikc Killing vector for the displacement) we find 

E = r(l- y/l - 2M/r) = M(l + M/2R) (9) 

in terms of the Schwarzschild r (with necessarily r > 2M) and isotropic R, respec- 
tively. Note that this is a decreasing function which approaches M asymptotically. 
Hence, for a region between two spherical boundaries in the exterior, the quasilocal 
energy is negative. Extending this to a black hole, using an inner boundary on 
the horizon and outer boundary at infinity, (according to this definition) the outer 
integral gives M and the inner gives 2M so that the total value of the quasilocal 
energy within the intermediate region is —M. 

A related application of this formalism is to black hole thermodynamics. We 
considered the appropriate Hamiltonian for the region between an inner boundary 
on the horizon and a boundary at oo and obtained the first law. The outer inte- 
gral gave the total energy ^nd. work terms, the integral over the horizon gives the 
expression for the entropy.LjEj 

In an orthonormal Cartesian frame our Hamiltonian boundary term becomes 

B T := co a ~< A i NVon , (10) 



which yields M0ller's tetrad-teleparallel energy-momentum "tensor' 




In a holonomic (coordinate) basis, our covariant boundary expressions corre- 
spond to controlling 7r QCT := ^/^gg acr (Dirichlet), or T" x ~ dg (Neumann), respec- 
tively, are 

B g = NWAT« X SZl + D 7 N a A(n^)S^, (11) 

B r = N^°AT« X 6X + D 7 N a A(^)SZ- (12) 

Our Dirichlet mocLe-inatches the recent expression of Katz, Bicak & Lynden-Beil,El 
and Katz & Lerer^j which they derived via a Noether argument applied to gravity 
with a fixed global background (whereas we require our reference configuration only 
on the boundary) . Their work includes a discussion of applications of this expression 
to cosmology and Mach's principle. By modifying their construction we can likewise 
obtain our alternative Neumann control mode. 

3.4 Choices 

Selecting a Hamiltonian boundary term involves many choices: 

(1) the representation or choice of dynamic variables: metric, orthonormal frame, 

connection, spinors . . . ; 

(2) the control mode or boundary conditions: e.g., covariant Dirichlet/Neumann; 

(3) the reference configuration: e.g., Minkowski, (anti-)de Sitter, FRW cosmology, 

Schwarzschild; 
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• The physical meaning is that all of the quasilocal quantities vanish when 
the field has the reference values, so it fixes the zero of energy, etc. 

• This could be determined either geometrically (by embedding and match- 
ing conditions) or dynamically (by an equation). 

(4) the displacement vector field N: which timelike displacement gives the energy? 
which spatial displacement gives the momentum? A good choice is to use a 
Killing vector of the reference geometryEa 

As a consequence of such choices there are various kinds of energy, each asso- 
ciated with specific boundary conditions. The physical situation may be compared 
with thermodynamics (where we have enthalpy, Gibbs, Helmholtz, . . . ) or elec- 
trostatic energy in a region with fixed surface potential vs. fixed surface charge 
density. 



4 Pseudotensors Rehabilitated 

Consider the pseudotensor idea in detail.0 First select a supcrpotcntial H^ x = 
Hfj, , and then use it to split the Einstein tensor by defining the GEM pseudoten- 
sor: 

K^gNH/ := -N»y/=gGS + ^d x (N^H» x ). (13) 

Then Einstein's equation, G^ v = kT^, (with constant N^) takes a form with the 
total effective EM pseudotensor as its source: 

3 x H; x = 2n{-g)H^ := 2«(- ff )* (t/ + T/). (14) 

Consequently d u (—g) 1 / 2 T fJ 1 ' = 0, which thus integrates to a conserved energy- 
momentum: 

:= J N»T^(-g)V 2 (d 3 x) v , (15) 

whereas V^T/ = QJT* - Y X V ^T X V + Y v Xv T x = does not — unless T = (flat 
space) . 

Minor variations of this procedure use = , and even further H^" a :— 

d^H^^, with Hf+ ai, ~t = H v '^ a = iJ^HM and H^ au ^ = 0. The latter guarantees 
a symmetric_pseudotensor and thus a simple definition of angular momentum. A 
special case,E2l 

H" a ^(h) := hThTi - h av h^, (16) 

generalizes to 

H(h u h 2 ) := H{h x + h 2 ) - H(hi) - H{h 2 ). (17) 

For suitable choices of H, h, hi,h,2, these expressions include all of the famous 
pseudotensors. Formally, including the displacement vector field, and making ad- 
justments like N tl H ll uX — ► N^H^^ allows us to cover all these particular forms. 
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We note that the superpotentials can serve as Hamiltonian boundary terms and 
consequently the associated pseudotensors are fundamentally quasilocal: 

- P(N) :=- f A^Vv^s(^), = / WV=5(-V - V)(^). 

= / [N^^—g{-G, v - T/) - ±-dx{N"HS x )] (d 3 x)„ 

N^TLfj, + <j> B{N) ee H(N), (18) 



's=as 

here Ti^ is the covariant form of the ADM Hamiltonian and 

B(N) = -N»(l/2K)H^ x (l/2)(d 2 x) vX . (19) 

In all cases, to understand the physical meaning of the associated quasilocaliza- 
tion we calculate the Hamiltonian variation: 

8H(N) = I field eqn. terms + ® ham. var. bound, term. (20) 
is JdT. 

The key is the Hamiltonian variation boundary term: 

- i- [dT^xNWSZl + 5(N»H^p)] dSrp . (21) 

It shows what must be held fixed on the boundary. 

Let us now consider some specific examples, in each case taking our reference 
configuration as Minkowski space and using Cartesian coordinates. The Einstein 
pseudotensor follows from the Freud superpotential,Ej 

Hx iw = 7^*1%,^ ee J^d^H^, (22) 



where H» av "> := tt^tt" 7 - tt^tt^. We find 

SH = field eqn. terms + j 8{N^^ a )T a lX 5 T a p a > l l {d 2 x) Tp . (23) 

Hence we should use constant N a and control iT ai :— y '—gg ai on the boundary. 
For the Landau- Lifshitz pseudotensor: L» v := d 1 d a H^ ua ^ ee d a (^ l(7 H a a ^), by a 
similar calculation we find that we should take N a = ir a ~<N® for fixed 7V°, and 
control g^ a g^ v '. For the M0ller pseudotensor,! which has the superpotential 

H x a ° = 2^°T a Kx = W°g a »d {v g AX , (24) 

we must control the connection T ~ dg. 

A similar analysis can be applied to other expressions old and. new — e.g., for 
the recently proposed "symmetric" expression of Petrov & KatzJ^J 

B KP := An°l T D a Nrt + N X °D 1 (Att^s^) 6%, (25) 

we expect to get a mixed boundary condition. 
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5 Spinor Formulations 

Using a spinor parameterization = tpj^ifi, and adjusting the boundary term 
via a certain spinor- curvatureJdexitityttB yields the Hamiltonian associated with the 
Witten positive energy proof,L£ltLa 

H w (i/)) := 4D^/\- f5 d/\DiP-i N uj a ' 1 Dr/ ai 

= -ATO* 7 A r] aiii - i N u a ~< Dr) ay + dB w , (26) 

where *d :— 1^7^ and 

B w := 2($ l5 d AD^ + D^A 75 ^). (27) 
Several similar quasilocal boundary expressions have been investigated, e.g., 

00. 

The beauty of these spinor formulations is that they do not need an explicit reference 
configuration. We introduce a reference configuration here only to compare with 

o 

our other formulation. With D = D + Aw, get 

B w {ip) = ^VAw Q7 A Vanil + 2(Zty A 75i?V +^75i? A Dip), (28) 

The first term is the same as the main term in eq 

Another class of spinor quasilocaJ boundary expressions has been identified. 
Via other spinor-jmpmture identitiestfl quadratic spinor Lagrangians (QSL) for GR 
have been found P 7 " 3 ^ The Einstein-Hilbert scalar curvature Lagrangian equals (up 
to an exact differential) the QSL 

C qs := 2£>*7 5 D* = R * 1 + d(Z>*7 5 * + *7 5 .D*) (29) 

where "J = •dip is a spinor one-form field. The corresponding first order Lagrangian: 

:= DVP + PD^ + |P7 5 P , (30) 

yields the first order equations 

P = 2D^ lb , P = 2j 5 D^!, DP = Q = DP, (31) 

and can be used to construct the covariant Hamiltonian 3-form: 

:= P£ N t> + £ N ^P - 

= -«iv(|P 7 5-P) - [iN^DP + Dm N P + m N uP-d{iN^P)+c.c] .(32) 
The associated Hamiltonian boundary term 

B(JV) = ijv*-P + Piw*, (33) 
and the Hamiltonian boundary variation symplectic structure 

8H9(N) di N (6¥ A P + P A 6V) , (34) 
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are simple. Both are independent of any reference configuration. But we can 
introduce a reference configuration replacing the boundary term by one of 

6* := i N ^AP + A~$i N P + c.c. , (35) 

O 

Bp := i N ^AP + AWi N P + c.c. (36) 
Then the variation of the Hamiltonian will contain one of the boundary terms 

ijv (AP A 5^ + c.c.) , or i N (— <5P A A* + c.c.) . (37) 
Several remarks are in order. 

(1) Note that there are no explicit connection terms in these spinor boundary 

terms. However they are present implicitly via P = 2^^,D^ . 

(2) Only if we include an explicit reference configuration do we get i^co ~ DN 

M0ller-Komar type terms. Such terms have often been overlooked in earlier 
investigations. However we haveJbpad that they play a key role both in certain 
angular momentum calculationsEj'c£l and in black hole thermodynamics £3'Ej 

(3) In addition to fixing the frame, the spinor field should be held fixed on the 

boundary. The physical meaning of fixing the spinor field is not yet so clear. 

6 Concluding Discussion 

We have noted that EM is both related to a symmetry under space-time displace- 
ments and is also the source of gravity. Sources interact with gravity and thus should 
exchange EM with the gravitational field yet there is no proper local density for 
gravitational or total EM; in the light of the equivalence principle it is not surprizing 
that traditional methods lead only to reference frame dependent pseudotensors. 

It is now widely believed that EM is really quasilocal. Identifying energy with 
the value of the Hamiltonian, we note that boundary terms in the Hamiltonian for 
a finite region (i) give the quasilocal EM, and (ii) via the Hamiltonian boundary 
variation principle, reflect the "control mode", i.e., the boundary conditions. 

There are many choices involved in selecting a Hamiltonian boundary term, 
e.g., variables, control mode, displacement, reference configuration. For GR we 
found that there are only two covariant control modes. Schwarzschild and black- 
hole thermodynamics applications were noted as well as a connection with the work 
of Brown & York and Katz and coworkers. 

One class of Hamiltonian boundary term choices is to use a superpotential. 
In this way we show that the pseudotensors are actually quasilocal and legitimate 
expressions for EM. Each pseudotensor is then associated with the value of the 
Hamiltonian which evolves the variables subject to certain boundary conditions. 
Several examples of pseudotensors and quasilocal expressions were considered. 

We also discusssed how our formalism deals with a couple of spinor quasilocal 
EM formulations. 
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In conclusion we stress the importance of identifying appropriate quasilocal 
energy-momentum criteria. In addition to good asymptotic and weak field/empty 
space limits (and realizing that quasilocal energy need not be positive) we see a need 
to relate the choice of boundary conditions to the physics. For electrodynamics (or 
thermodynamics) we have a good idea of the physical significance of our boundary 
conditions, but not for gravity. What does it mean to hold the metric (connection) 
fixed on the boundary (i.e., give it a prescribed time dependence)? What boundary 
condition corresponds to "thermal insulation", i.e., no flow of energy- momentum 
through the boundary? Suppose that observers measured the metric and connection 
coefficients on the walls, floor and ceiling of this room, what component values 
in what reference frame would indicate that it was devoid of energy-momentum? 
Answering such questions should contribute much to our understanding of energy- 
momentum and its localization. 
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